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Akihiro Munemasa ( )
1 group Hopf algebra quantum double
Quantum double Hopf dual Hopf
Drinfeld [6] group Hopf algebra
quantum double $G$
$D$ $G\cross G$ $C$ $D$
$(g, h)(k, l)=\delta_{h}-1_{9^{h,k\cdot(g,hl)}}$ $(g, h, k, l\in G)$ .
$D$ associative algebra
$\triangle$ : $(g, h) \mapsto\sum_{x\in G}(x, h)\otimes(x^{-1}g, h)$
$\epsilon:(g, h)\mapsto\delta_{g,1}$
$D$ Hopf
$R= \sum_{g,h\in G}(g, 1)\otimes(h,g)$
$D$ quasi-triangular
quantum double Dijkgraaf-Vafa-Verlinde-
Verlinde [5] fusion algebra group Hopf algebra quantum double
[5] $G$
$SL(2,Z)$ fusion algebra Verlinde formula
[1] fusion algebra character algebra [8]
self-dual character algebra
Verlinde formula [5] fusion algebra




(Bantay $[3],[4]$ , [12]) [1].
fusion algebra [5] fusion algebra
fusion algebra 3
2 Fusion algebras




(3) .^: $x;\mapsto x_{i}\wedge$ involutive $k$ anti-automorphism
(4) $N^{k}ij_{\iota k}=N_{\backslash }^{j}$
(5) $x;\mapsto k;,$ $k;>0$
[1] integral fusion algebra at algebraic level
1 group Hopf algebra quantum double $\mathcal{A}=$
$Z(D)$ $D$
$\mathcal{A}=(\bigoplus_{gh=hg}C(g, h))^{G}\cong\bigoplus_{1=0}^{d}Z(C[C_{G}(g_{i})])$
$g_{i}(i=0, \ldots, d)$ $G$
$A$
$x_{i,\alpha}= \frac{1}{|C_{G}(g_{i})|}\sum_{h_{:}\in G}\sum_{g\in C_{G}(g;)}\rho_{i,\alpha}(g)(h^{-1}gh, h^{-1}g;h)$ ,
$\{\rho_{i,\alpha}\}_{\alpha}$ $C_{G}(g;)$ $\mathcal{A}$ $\{x_{i,\alpha}\}_{i,\alpha}$
fusion algebra $SL(2,Z)$
$S=(\begin{array}{ll}0 1-l 0\end{array}):(g, h)\mapsto(h,g^{-1})$,
$T=(\begin{array}{ll}1 10 1\end{array})$ : $(g, h)\mapsto(g, hg)$ ,
quantum double $Z(D)$ $S,$ $T$ $\{x_{i,\alpha}\}_{i,\alpha}$
$S$ $T$ $S$ $\{x_{i,\alpha}\}_{i,\alpha}$
$A$ $\{e_{i,\alpha}\}_{i,\alpha}$
$e_{i,\alpha}= \frac{\rho_{i,\alpha}(1)}{|C_{G}(g_{i})|^{2}}\sum_{h\in G}\sum_{g\in C_{G}\langle g;)}\rho_{i,\alpha}(g)(h^{-1}g;h, h^{-1}gh)$.
41
$S$ $\mathcal{A}$ “ ” $S^{2}$ $\{x_{i,\alpha}\}$




$G$ $X$ fusion algebra




$Y=\{(g;x, y)|x, y\in X, g\in G, x^{g}=x, y^{g}=y\}$ .
$\tilde{A}=CY$ $Y$ $C$ $\tilde{\mathcal{A}}$
$(g;x, y)(h;z,w)=\delta_{y,z}\delta_{g,h}(g;x, w)$ .
$\tilde{\mathcal{A}}$ $C$
$\tilde{A}=\bigoplus_{g\in G}M_{|F(g)|}(C)$
$F(g)=$ { $x\in X$ lxg=x} $G$ $Y$ :
$G\ni u:(g;x, y)\mapsto(u^{-1}gu;x^{u},y^{u})$ .
$\tilde{A}$
$A=\tilde{\mathcal{A}}^{G}=\{\alpha\in\tilde{A}|\alpha^{9}=\alpha, \forall g\in G\}$
$\tilde{A}$ subalgebra
$\mathcal{A}=\bigoplus_{i=0}^{m}\mathcal{H}(C_{G}(g_{i}), F(g_{i}))$
$\{g_{0}, \ldots, g_{m}\}$ $G$ $\mathcal{H}(C_{G}(g_{i}), F(g_{i}))$ $C_{G}(g_{i})$
$F(g;)$ centralizer algebra (Hecke algebra, commutant) $\mathcal{A}$
$i$ $C_{G}(g;)$ $F(g_{i})$ multiplicity-
free $G$
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$A$ fusion algebra $X\cross X$ G-orbit
$(a;, b:)(0\leq i\leq d)$ $G$; ;, $b_{i}$ ) $\{\rho_{i,\alpha}\}_{\alpha}$ $G$;
$x_{i,\alpha}= \frac{1}{|G_{\dot{t}}|}\sum_{h\in G}\sum_{9\in G_{j}}\rho_{i,\alpha}(.g)(h^{-1}gh;a_{j}^{h}, b_{i}^{h})$
$\{x_{i,a}\}_{i,\alpha}$ $\mathcal{A}$ $\mathcal{A}$ fusion algebra
Remark. (1 ) [13] $A$
$G=H\cross H,$ $X=H\cross H/\triangle H$ $A$
(2) $G=H\cross H,$ $X=H\cross H/\triangle H$ [5]
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( : )
$G$ $H$ ( $G$ $X=G/H$
) hyperfinite $II_{1}$ factor $M\supset N$
$M\otimes M\otimes\cdot.$ . $\otimes M$ N-N bimodule
$\otimes$
4 Terwilliger algebras of association schemes
Association schemes
3
3 $G\cross X\cross X$ $Y$
$X\cross X\cross X$
$\tilde{A}$ $G$ $X$
$X\cross X\cross X$ $C$ $\tilde{A}=C[X\cross X\cross X|$
$(x;y, z)(u;v,w)=\delta_{x,u}\delta_{z,v}(x;y, w)$ .
$\tilde{A}=\oplus^{n}M_{n}(C)$ $n=|X|$ $G$




association scheme [2] \mbox{\boldmath $\tau$} asso-
ciation scheme $R_{0},$ $R_{1},$ $\ldots,$ $R_{d}$ $G$ $X\cross X$
$A_{i}= \sum_{x\in X}\sum_{(y,z)\in R_{i}}(x;y, z)$
.
$E_{i}^{*}= \sum_{(x,y)\in R_{i}}(x;y, y)$
,
$T_{0}=span\{E_{i}^{*}A_{j}E_{k}^{*}|0\leq i,j, k\leq d\}$
$T$ $\{A_{i}\}\cup\{E_{i^{*}}\}$
$\tilde{\mathcal{A}}$ subalgebra association scheme
$\mathcal{X}=(X, \{R;\}_{0\leq i\leq d})$ Terwilliger algebra $\tau_{0}$ $T$
$To=T$ $\mathcal{X}$ triply regular Triply regular
$A;E_{j^{*}}A_{k}\in To$ $i,j,$ $k$
$\{R_{i}\}_{0\leq i\leq d}$ $G$ $X\cross X$ $G$ $X\cross X\cross X$
$\overline{\mathcal{A}}$ Terwilliger $T$ $G$
$\tilde{\mathcal{A}}^{G}$
Terwilliger spin model Jaeger
Terwilliger $\{A_{i}\}\cup\{E_{i^{*}}\}$
$J=\Sigma_{i=0}^{d}A;,$ $R_{i}(x)=\{y\in X|(x, y)\in R_{i}\},$ $R_{i’}=\{(x, y)|(y, x)\in R_{i}\},$ $\cdot$
$p_{i}^{k_{j}}=|R_{i}(x)\cap R_{j’}(y)|((x, y)\in R_{k})$
Lemma 1 (i) $A_{0}= \sum_{i=0}^{d}E_{j}^{*}$ is the identity of $T$ .
(ii) $A_{i}A_{j}= \sum_{k=0}^{d}p_{i}^{k_{j}}A_{k}$ .
(iii) $E_{i^{*}}E_{j^{*}}=\delta_{ij}E_{i^{*}}$ .
(iv) $E_{i^{*}}A_{j}E_{k}^{*}=$
$(x,y) \in R_{j},(x,z)\in R_{k}\sum_{\langle y,z)\in R_{j}}(x;y, z)$
.
(v) $E_{0}^{*}A_{j}=E_{0}^{*}A_{j}E_{j^{j}}^{*}A_{j}E_{0^{*}}=E_{j^{*}},A_{j}E_{0}^{*}$ .
(vi) $A;E_{j}^{*}A_{k}=x$ $\sum_{y,z\in X}|R_{i}(y)\cap R_{j}(x)\cap R_{k’}(z)|(x;y, z)$ .
(vii) $A_{i}E_{0}^{*}A_{k}=E_{d^{i^{*}}},JE_{k}^{*}$ .
(viii) $JE_{j^{*}}A_{k}= \sum_{i=0}p_{jk}^{i}JE_{i^{*}}$ .
(ix) $A_{i}E_{j}^{*}J= \sum_{k=0}^{d}p_{ji’}^{k}E_{k}^{*}J$.
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(x) $E_{0}^{*}A;E_{j^{*}}A_{k}= \delta_{ij}\sum_{l=0}^{d’}p_{ik}^{l}E_{0}^{*}A_{l}E_{l^{*}}$ .
(xi) $A_{i}E_{j^{*}}A_{k}E_{0}^{*}= \delta_{jk’}\sum_{l=0}^{d}p_{ik}^{l}El^{A_{l}E_{0}^{*}}$ .
Definition. $X$ spin model $X\cross X$ $w_{+},$ $w_{-}$
$(i)w_{+}(x, y)w_{-}(y, x)=1$ $\forall x,$ $y\in X$ .
(ii) $\sum_{z\in X}w_{+}(x, z)w_{-}(z, y)=\delta_{x,y}|X|$ .
(iii) $a,$ $b,$ $c\in X$
$\sum_{x}w_{+}(a, x)w_{+}(x, b)w_{-}(x, c)=\sqrt{|\lambda’|}w_{+}(a, b)w_{-}(b, c)w_{-}(a, c)$.
Theorem 2 (Jaeger [7]) $\mathcal{X}=(X, \{R_{0}, R_{1}, R_{2}\})k$ symmetric association scheme &
$w+:(x,y)\mapsto t_{i}((x, y)\in R_{i})_{r}w_{-}$ : $(x,y)\mapsto t_{i}^{-}$ $((x, y)\in R_{i})k$ spin model $9^{-}$




spin model $W\nu V^{*}W=W^{*}W\nu V^{*}$ $W^{*}WW^{*}\in To$
$WW^{*}W\in T_{0}$ $W=t_{0}A_{0}+t_{1}A_{1}+t_{2}A_{2}$ $A_{0},$ $A_{1},$ $J$
$\circ$ Lemma 1 (i), (viii) $A_{0}W^{*}W\in To,$ $JW^{*}W\in$ T0 $t_{1}\neq t_{2}$
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